Interferometry of infragravity waves off New Zealand by Godin, Oleg A. et al.
RESEARCH ARTICLE
10.1002/2013JC009395
Interferometry of infragravity waves off New Zealand
Oleg A. Godin1,2, Nikolay A. Zabotin1,3, Anne F. Sheehan1,4, and John A. Collins5
1Cooperative Institute for Research in Environmental Sciences, University of Colorado, Boulder, Colorado, USA, 2Physical
Sciences Division, Earth System Research Laboratory, National Oceanic and Atmospheric Administration, Boulder,
Colorado, USA, 3Department of Electrical, Computer, and Energy Engineering, University of Colorado, Boulder, Colorado,
USA, 4Department of Geological Sciences, University of Colorado, Boulder, Colorado, USA, 5Woods Hole Oceanographic
Institution, Woods Hole, Massachusetts, USA
Abstract Wave interferometry is a remote sensing technique, which is increasingly employed in
helioseismology, seismology, and acoustics to retrieve parameters of the propagation medium from two-
point cross-correlation functions of random waveﬁelds. Here we apply interferometry to yearlong records of
seaﬂoor pressure at 28 locations off New Zealand’s South Island to investigate propagation and directivity
properties of infragravity waves away from shore. A compressed cross-correlation function technique is
proposed to make the interferometry of dispersive waves more robust, decrease the necessary noise
averaging time, and simplify retrieval of quantitative information from noise cross correlations. The
emergence of deterministic wave arrivals from cross correlations of random waveﬁelds is observed up to
the maximum range of 692 km between the pressure sensors in the array. Free, linear waves with a strongly
anisotropic distribution of power ﬂux density are found to be dominant in the infragravity waveﬁeld.
Lowest-frequency components of the infragravity waveﬁeld are largely isotropic. The anisotropy has its
maximum in the middle of the spectral band and decreases at the high-frequency end of the spectrum.
Highest anisotropy peaks correspond to waves coming from portions of the New Zealand’s shoreline.
Signiﬁcant contributions are also observed from waves propagating along the coastline and probably
coming from powerful sources in the northeast Paciﬁc. Infragravity wave directivity is markedly different to
the east and to the west of the South Island. The northwest coast of the South Island is found to be a net
source of the infragravity wave energy.
1. Introduction
Infragravity waves (IGWs) are surface gravity waves in the ocean with periods longer than the longest peri-
ods (30 s) of wind-generated waves. IGWs are believed to be generated by nonlinear interaction of sea
swell with bathymetry close to shore [Foda and Mei, 1981; Symonds et al., 1982; Herbers et al., 1995]. Most
ﬁeld observations of IGWs have been made in relatively shallow water on continental shelves [Munk, 1949;
Elgar et al., 1992; Herbers et al., 1995; Sheremet et al., 2002], where IGWs account for up to half of the wave
energy. Deep water IGWs [Snodgrass et al., 1966; Filloux, 1983; Webb et al., 1991], because of their relatively
small amplitude of 1023 to 1022 m [Webb et al., 1991; Godin et al., 2013] and difﬁculty of access to stable
measurement platforms, are among the least studied waves in the ocean. IGW energy balance, directivity,
and temporal and spatial variability remain poorly understood [Dolenc et al., 2005, 2008; Sugioka et al., 2010;
Aucan and Ardhuin, 2013].
Away from shores, IGWs propagate transoceanic distances with very little attenuation [Van Dorn, 1984,
1987; Geist et al., 2009; Rabinovich et al., 2013] and, because of their long wavelengths (from 1 km to hun-
dreds of km), provide a mechanism for coupling wave processes in the ocean, ice shelves, the atmosphere,
and the solid Earth [Peltier and Hines, 1976; Crawford et al., 1998; Rhie and Romanowicz, 2004; Bromirski et al.,
2010; Godin and Fuks, 2012; Bromirski and Stephen, 2012; Ardhuin and Herbers, 2013]. In polar seas, long
IGWs penetrate thousands of kilometers inside the ice cover and can be used to measure sea ice thickness
[Squire et al., 2009; Wadhams and Doble, 2009]. The strong response of ice shelves to impacting IGWs sug-
gests that IGW forcing may produce fractures in the ice and lead to abrupt disintegration of ice shelves [Bro-
mirski et al., 2010; Bromirski and Stephen, 2012]. In seismology, IGWs are one of the dominant noise sources
that limit performance and restrict the useful frequency band of ocean bottom seismometers [Webb, 1998;
Webb and Crawford, 2010]. IGWs are responsible for generation of the Earth’s ‘‘hum,’’ i.e., persistent
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excitation of the seismic normal
modes of the Earth [Rhie and
Romanowicz, 2004; Tanimoto,
2005; Ardhuin and Herbers, 2013].
IGWs provide the signal to probe
the shear rigidity deep into the
ocean bottom via seaﬂoor com-
pliance measurements [Crawford,
2004; Crawford and Singh, 2008;
Crawford et al., 1991, 1998; Tre-
vorrow and Yamamoto, 1991;
Wang et al., 2010; Willoughby and
Edwards, 2000; Willoughby et al.,
2008]. At frequencies below 4
mHz, IGWs are an effective mech-
anism for transporting mechani-
cal energy from the ocean into
the upper atmosphere [Livneh
et al., 2007; Makela et al., 2011;
Galvan et al., 2012; Godin and
Fuks, 2012]. Ambient IGWs contribute to the background ‘‘noise’’ level against which tsunamis need to be
detected in deep water. The need for a global IGW model to determine the waves’ impact on future high-
resolution satellite altimetry missions has been recently demonstrated [Aucan and Ardhuin, 2013].
Hydrodynamic ﬁltering, i.e., attenuation of surface waves with depth on the scale of their wavelength,
reverses the relation of amplitudes of short-period and long-period surface gravity waves at large depths.
IGWs dominate seaﬂoor pressure ﬂuctuations in deep water from frequencies from a fraction of mHz to as
much as tens of mHz [Filloux, 1983; Webb, 1986, 1988; Webb et al., 1991]. Most of the current knowledge
about IGWs away from shore stems from the data obtained using pressure sensors and seismometers
located on the seaﬂoor [Filloux, 1983; Webb, 1986; Webb et al., 1991; Crawford et al., 1991; Dolenc et al., 2005,
2008; Sugioka et al., 2010; Harmon et al., 2012; Yang et al., 2012; Aucan and Ardhuin, 2013].
The present work is based on an analysis of long, continuous time series of seaﬂoor pressure variations col-
lected concurrently at 28 deep water locations off the South Island of New Zealand (Figure 1) during the
MOANA seismic experiment [Yang et al., 2012; Godin et al., 2013]. Variances of seaﬂoor pressure ﬂuctuations
observed in this experiment have been recently used to derive an analytical model of the spectral and spa-
tial energy distribution of IGW energy in a deep ocean with variable bathymetry [Godin et al., 2013]. Here
we investigate the information content of two-point statistical moments (speciﬁcally, of the mutual correla-
tion functions) of seaﬂoor pressure ﬂuctuations measured in deep water at locations tens and hundreds
kilometers apart.
Waveﬁelds generated by random, delta-correlated sources are known to remain partially coherent at points
separated by distances that are large compared to the wavelength [Weaver and Lobkis, 2001; Campillo and
Paul, 2003; Shapiro et al., 2005; Wapenaar et al., 2008]. Two-point cross-correlation functions of diffuse (i.e.,
having at each observation point components with a wide variety of propagation directions), random wave-
ﬁelds have been shown to approximate the Green’s functions, which describe deterministic wave propaga-
tion between the two points [Rytov, 1956; Lobkis and Weaver, 2001; Snieder, 2004; Godin, 2006, 2009a;
Gouedard et al., 2008]. Hence, observation of waves generated by controlled sources can be replaced by
cross correlation of ambient random waveﬁelds, which would be classiﬁed as noise in active-source experi-
ments. This passive technique is usually referred to as wave, seismic, or noise interferometry. It is extensively
used in helioseismology, seismology, and acoustics to retrieve parameters of the propagation medium from
cross-correlation functions of random waveﬁelds [Duvall et al., 1993; Rickett and Claerbout, 1999; Shapiro
et al., 2005; Larose et al., 2006; Wapenaar et al., 2008; Godin et al., 2010].
In IGW context, Webb [1986] was the ﬁrst to study long-range correlations of seaﬂoor pressure ﬂuctuations
in deep water. He measured coherence in the frequency band 1–15 mHz of pressure ﬂuctuations at points
32 km apart in 4.2 km-deep water off Baja California and found the result to be consistent with a weakly
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Figure 1. Bathymetry map and location of seaﬂoor pressure sensors, which are shown by
numbered circles, in the MOANA experiment.
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anisotropic, diffuse ﬁeld of IGWs [Webb, 1986]. Cross correlations of seaﬂoor pressure ﬂuctuations over an
80 km3 80 km area off California in 5.1 km-deep water were used to measure IGW directivity at frequencies
above 2 mHz with an 11 element array [Webb et al., 1991]. Dominant source regions of IGWs in the 5 to 15
mHz frequency band were investigated using cross correlations of seaﬂoor pressure recorded off Sumatra
at ﬁve points 30 to 130 km apart from each other [Harmon et al., 2012]. In the present work, noise inter-
ferometry is applied to a much larger array with distances from 50 to 700 km between individual sea-
ﬂoor pressure sensors, to reveal information about an ambient, deep water IGW ﬁeld over complex
bathymetry in the frequency band 0.5–30 mHz.
The remainder of this paper is organized as follows. In section 2, having formulated the problem in mathe-
matical terms (section 2.1), we provide a theoretical background for interferometric processing and inter-
pretation of seaﬂoor pressure observations by developing an asymptotic theory of IGW ﬁelds due to
deterministic and random sources in a three dimensionally inhomogeneous ocean (section 2.2). Motivated
by theoretical predictions of the properties of the IGW cross correlations, we propose a novel interferomet-
ric technique based on compressed cross-correlation functions (section 2.3). Seaﬂoor pressure data
obtained in the MOANA experiment and the data-processing algorithms we used to implement the com-
pressed cross-correlation function technique, including a self-calibration of the pressure sensors, are
described in section 3. Experimental results are presented in section 4. Additional oceanographic opportuni-
ties offered by the IGW interferometry are discussed in section 5. Section 6 summarizes our ﬁndings.
2. Theory
In this section, we establish a method for retrieval of quantitative information regarding power ﬂuxes car-
ried by IGWs from seaﬂoor pressure ﬂuctuations measured at several locations in a three dimensionally
inhomogeneous ocean. We also devise a method to compensate for IGW dispersion and accelerate the
emergence of deterministic features from cross correlations of random pressure ﬂuctuations. These meth-
ods form the basis for our data processing.
2.1. Governing Equations
Introduce a Cartesian coordinate system with horizontal coordinates x and y and the vertical coordinate z
increasing downward, i.e., in the direction of the gravity acceleration g. The ﬂuid is motionless in the
absence of waves and occupies a layer 0< z<H between a free boundary at z5 0 and seaﬂoor at z5H(x,
y). Denote p0, p, and w the background pressure (i.e., the pressure in ﬂuid in the absence of waves), wave-
induced pressure perturbation at a given point, and wave-induced displacement of ﬂuid particles, respec-
tively. The displacement and ﬂuid velocity v are related by v5@w=@t; where t is time. Linearization of the
Euler, continuity, and state equations with respect to wave amplitude leads to the following set of equa-
tions governing linear (i.e., small amplitude) waveﬁelds [Gill, 1982; Brekhovskikh and Godin, 1999]:
qc2 rp1q@2w=@t21 w  rð Þrp0
 
2 p1w  rp0ð Þrp050; (1)
p1w  rp01qc2r w50; (2)
where rp05qg and c is the sound speed. The boundary conditions on the free surface and the rigid sea-
ﬂoor are [e.g., Gill, 1982; Brekhovskikh and Godin, 1999] p5qgw3 at z5 0 and w35w  rH at z5H.
Consider waves with the harmonic dependence exp ik  r2ixtð Þ, where k5 (k1, k2, 0)5 const., on horizontal
coordinates and time in an ocean of constant depth. Most investigations of IGWs imply an incompressible
ocean with constant water density and a rigid seaﬂoor [Webb, 1986; Webb et al., 1991; Thomson et al., 2007;
Harmon et al., 2012]. Under these assumptions, the vertical dependences of pressure and particle displace-
ment in surface gravity waves are
p zð Þ5p 0ð Þ cosh k H2zð Þ
cosh kH
;w3 zð Þ52 p 0ð Þqg
sinh k H2zð Þ
sinh kH
; (3)
and IGWs have the dispersion equation [e.g., Eckart, 1960; Gill, 1982]:
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x25gk tanh kH: (4)
The group speed is
cg5
@x
@k
 
H
5
x
k
 2kH1sinh 2kH
2sinh 2kH
: (5)
Except in shallow water with depth H << gx22, IGWs are strongly dispersive. At constant depth, the phase
speed cph5x/k, the group speed cg, and the ratio cg/cph steadily decrease with frequency from the
frequency-independent ‘‘shallow-water’’ values (gH)1/2, (gH)1/2, and 1 at x << (gH)1/2 to the depth-
independent ‘‘deep water’’ values g/x, g/2x, and 0.5 at x >> (gH)1/2.
2.2. Deterministic and Random IGWs in a Horizontally Inhomogeneous Ocean
Spatial variations of bathymetry and other physical parameters of the ocean cause refraction, focusing, and
defocusing of IGWs. To reveal the relation between IGW power ﬂuxes and observed pressure ﬂuctuations,
we ﬁrst brieﬂy consider asymptotics of the ﬁeld due to a point source and then represent the diffuse IGW
ﬁeld as a superposition of ﬁelds due to random point sources. Amplitudes of the peaks of the cross-
correlation function prove to be directly related to the power ﬂux carried by IGWs.
2.2.1. Point-Source Excitation
Consider an ocean where physical parameters, including the ocean depth, vary gradually in the horizontal
plane. The spatial scale of the horizontal variations is assumed to be large compared to the IGW wave-
length. The ocean is stationary in the absence of waves. Let acoustic-gravity waves be generated by a
monochromatic point source of mass with the amplitude a0 of the volume injection rate. Such a source is
described mathematically by adding the term 2ixð Þ21a0qc2d R2R1ð Þ in the right-hand side of equation (2)
[Brekhovskikh and Godin, 1999], where d(.) is the Dirac delta function, R5 (x, y, z), and R15 (x1, y1, z1) is the
location of the wave source. In the adiabatic approximation, the ﬁeld of a normal mode excited by the point
source in a horizontally inhomogeneous waveguide is [Keller, 1958; Weinberg and Burridge, 1974; Shen and
Keller, 1975; Brekhovskikh and Godin, 1999]
p R;xð Þ5ixa0P z; rð ÞP z1; r1ð ÞG r; r1ð Þ; (6)
where r5 (x, y) and r15 (x1, y1) are 2-D horizontal vectors and the function G satisﬁes the 2-D Helmholtz
equation
@2G r; r1ð Þ=@r21k2 rð ÞG r; r1ð Þ5d r2r1ð Þ (7)
with radiation conditions at jr2r1j ! 1: Here P(z; r) and k(r) and the mode shape function (i.e., the vertical
proﬁle of pressure) and the mode wave number in an auxiliary, horizontally homogeneous waveguide hav-
ing the same depth, seaﬂoor compliance, and sound speed and density proﬁles that the original, horizon-
tally inhomogeneous waveguide has at the given x and y. When IGW dissipation and possible radiation into
the atmosphere are neglected, Im k(r)5 0. In a waveguide with a free surface at z5 0 and a rigid seaﬂoor at
z5H, the mode shape functions in equations (6) and (7) are normalized by the condition
ðH rð Þ
0
q21 z; rð ÞP2 z; rð Þdz51 (8)
and are real valued.
The function G can be viewed as the Green’s function of the 2-D Helmholtz equation (7), i.e., the ﬁeld due
to a unit point source in the 2-D problem in the horizontal plane. It satisﬁes the reciprocity relation G(R,
R1)5G(R1, R) and, when Im k(r)5 0, the identity [e.g., Larose et al., 2006]
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G r2; r1ð Þ2G r2; r1ð Þ5
þ
N rð Þ  G r; r1ð Þ @
@r
G r; r2ð Þ2G r; r2ð Þ @
@r
G r; r1ð Þ
 
dr; (9)
which follows from equation (7). Here and below, the asterisk denotes complex conjugation. Integration in
equation (9) is over the boundary of an arbitrary domain containing points r1 and r2; N is the unit external
normal to the boundary.
An asymptotic solution for G(R, R1) can be found in the ray, or geometric optics, approximation [Keller, 1958;
Weinberg and Burridge, 1974; Shen and Keller, 1975; Brekhovskikh and Godin, 1999]. In this approximation, normal
modes propagate from the wave source along horizontal trajectories (rays). The position of a point r(l, u) on a hor-
izontal ray and the mode wave vector k(l, u)5 (kx, ky) at this point are found from the differential ray equations
dr=dl5k=k; dk=dl5@k=@r; (10)
where l and u are the arc length along the ray and the azimuthal angle giving the direction of the ray at the
source. For a generic dependence of the ocean depth on horizontal coordinates, equations (10) have to be
integrated numerically. In the ray approximation,
G r; r1ð Þ5 exp iU r; r1ð Þ23ip=4ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8p kx @y=@uð Þl2ky @x=@uð Þl
 q ; U r; r1ð Þ5
ðr
r1
kdl: (11)
Integration in the exponential in equation (11) is along an eigenray, i.e., the horizontal ray that connects
points r1 and r. In a horizontally homogeneous ocean, @k=@r50; horizontal rays are straight lines, x5x11l
cosu; y5y11lsinu; and equation (11) simpliﬁes to G r; r1ð Þ5 8pkð jr2r1jÞ21=2exp ikð jr2r1j23ip=4Þ; which
coincides with the dominant term of the asymptotic expansion at kjr2r1j ! 1 of the exact solution
G r; r1ð Þ5H 1ð Þ0 kð jr2r1jÞ=4i of equation (7).
2.2.2. Excitation by Random Sources
Let X be a simply connected area on the horizontal plane with a smooth boundary @X, and let monochro-
matic wave sources be located on a cylindrical surface r 2 @X; 0  z  Hf g: The curve @X is parameterized
by its arc length l; for every point r 2 @X; we have r5rX lð Þ: The sources are characterized by the density a(l,
z) of the volume injection rate they generate. As with the mode shape function P and the 2-D Green’s func-
tion G, dependence of the source strength on frequency x is assumed and suppressed. For the IGW ﬁeld
generated by a distributed source, from equation (6) we ﬁnd
p R;xð Þ5ixP z; rð Þ
ð
@X
dl
ðH rX lð Þð Þ
0
a l; z1ð ÞP z1; rX lð Þð ÞG r; rX lð Þð Þdz1: (12)
Consider random wave sources with zero statistical mean: <a>5 0. At each point, a is a stationary random
process. In the time domain, the waveﬁeld is random and stationary as well, and <p(R)>5 0. Let the wave
sources be d-correlated in the horizontal plane:
ha l1; z1;xð Þa l2; z2;x0ð Þi5A z1; z2; l1;xð Þd l12l2ð Þd x2x0ð Þ: (13)
No assumptions about correlation in the vertical direction are made; d-correlation in frequency reﬂects the
assumption that the sources are stationary in time. As its particular cases, the model includes IGW genera-
tion by sources on the ocean surface or on the seaﬂoor. Using equations (12) and (13), for the frequency-
domain cross-correlation function (or cross spectrum) C R1;R2;xð Þ5hp R1;xð Þp R2;xð Þi of the pressure
measured at points R1 and R2, we ﬁnd
C R1;R2;xð Þ5P z1; r1ð ÞP z2; r2ð ÞC1 r1; r2;xð Þ; (14)
C1 r1; r2;xð Þ5
ð
@X
Q lð ÞG r1; rX lð Þð ÞG r2; rX lð Þð Þdl; (15)
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where
Q lð Þ5x2
ðH rX lð Þð Þ
0
ðH rX lð Þð Þ
0
A z3; z4; l;xð ÞP z3; rX lð Þð ÞP z4; rX lð Þð Þdz3dz4: (16)
The factor C1 in equation (14) for the cross-correlation function coincides with the cross-correlation function
of noise generated by d-correlated sources in a 2-D problem. The latter problem has been solved in the
acoustical context [Godin, 2006, 2010]. In the ray approximation,
C1 r1; r2;xð Þ5i~Q1G r1; r2ð Þ1i~Q2G r1; r2ð Þ; ~Qj5
Q lj
	 

2k rX lj
	 
	 
  N lj	 
 ; j51; 2; (17)
provided there exists exactly one horizontal eigenray connecting points r1 and r2. Here rX lj
	 

are the points,
where extensions of the eigenray intersect the curve @X, and k(r) is the wave vector on this ray. In a more
general situation, where there are M eigenrays connecting points r1 and r2, equation (17) becomes
C1 r1; r2;xð Þ5
XM
m51
S1me
iUm r1;r2;xð Þ2ip=41S2me2iUm r1;r2;xð Þ1ip=4
h i
: (18)
Here Um r1; r2;xð Þ  0 is the increment of the eikonal (phase) between points r1 and r2 calculated along
the mth eigenray. (Phase corrections at caustics are to be included in the eikonal.) Equation (18) differs from
the ray approximation to ImG r1; r2ð Þ by the real-valued amplitudes S1m and S2m of the individual ray contri-
butions. The amplitudes are proportional to the values of the effective source density Q (16) at the points,
where extension of the mth eigenray intersects @X. S1m and S2m are given by the product of corresponding
factor ~Qj (17) and the ray amplitude at propagation from a unit point source at r1 to a receiver at r2. The lat-
ter factor may depend on m but is common for S1m and S2m.
The results (14), (17), and (18) are considerably more general than the assumptions we made in their deriva-
tion. When waves are generated by random sources other than the sources of mass, e.g., by sources of an
external force, only the expression (16) for the density of the effective sources changes [Godin, 2009a,
2010]. Equation (18) remains valid for arbitrary located noise sources as long as wave dissipation and contri-
butions of sources within the domain X are negligible [Godin, 2010]. Then, the amplitude factor ~Qj (17)
includes weighted contributions of the noise sources located in the vicinity of the extensions of the respec-
tive eigenray beyond the points r1 and r2. Explicit expressions for the amplitudes can be found in Godin
[2010]. The assumption of the random sources being d-correlated in the horizontal plane also can be
relaxed and replaced by the condition that their correlation length is small compared to the size of the Fres-
nel zone at wave propagation between points r1 and r2 [Godin, 2009b].
Through the eikonals Um r1; r2;xð Þ, the noise cross-correlation function C (14), (18) contains information
about the wave dispersion relation and deterministic properties of the propagation medium. Information
about the frequency spectra and spatial distribution of the random wave sources is contained in the ampli-
tude factors S1m and S2m. Let us demonstrate that the ratio S1m/S2m provides a direct measure of the noise
ﬁeld anisotropy.
Power ﬂux density in continuous acoustic-gravity waves j5xIm pwð Þ [Brekhovskikh and Godin, 1999]. From
equations (1), (2), (6), and (8), for the depth-integrated horizontal power ﬂux in a single normal mode gener-
ated by a point source, we have
jh r;xð Þ5
ð
j R;xð Þdz5xja20jIm G r; r1ð Þ@G r; r1ð Þ=@r½ : (19)
For a distribution of random wave sources d-correlated in the horizontal plane, using equations (12) and
(13) we ﬁnd
hjh r;xð Þi5x
ð
@X
Q lð ÞIm G r; rX lð Þð Þ@G r; rX lð Þð Þ=@r½ dl: (20)
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Note the similarity between the right-hand sides of equation (20) for the average power ﬂux and equation
(15) for the two-point cross-correlation function of the random waveﬁeld.
In the adiabatic approximation,
@G r; rX lð Þð Þ=@r5ik r; lð ÞG r; rX lð Þð Þ; k r; lð Þ5k rð Þ cosu r; lð Þ; sinu r; lð Þ; 0ð Þ; (21)
where the azimuthal angle u r; lð Þ describes the direction of the wave vector and the power ﬂux at point r.
Here we assume that there exists only one horizontal eigenray connecting points r and rX(l). Waves with dif-
ferent values of u originate at different points on @X, so that l5 l(u). It follows from equation (20) that the
average power ﬂux per unit azimuthal angle per unit frequency in the direction u is
J r;u;xð Þ5xQ lð Þk rð ÞjG r; rX lð Þð Þj2jdl=duj: (22)
The average power ﬂux density characterizes the intensity and directivity of the random waveﬁeld.
To simplify equation (22), we use wave reciprocity and reversibility of rays. Consider the horizontal ray leav-
ing the observation point r in the direction u – p. The ray is given by an equation r(s, u), where s is the arc
length along the ray, and intersects @X at some point rX(l(u)). Using the differential ray equations (10), one
ﬁnds
dl
du
56
 drXdu
56 1k  N
k3 @r@u
 
s
; (23)
where N is the unit external normal to @X, as in equations (9) and (17), and the values of k and @r=@uð Þs on
the ray are evaluated at the point of its intersection with @X. Since jG r; rX lð Þð Þj25jG rX lð Þ; rð Þj25
8pð jk3 @r=@uð ÞsjÞ21 according to equation (11), from equations (22) and (23) one ﬁnds
J r;u;xð Þ=k rð Þ5xQ lð Þ=8pjk rX lð Þð Þ  N lð Þj: (24)
Thus, the quantity J/k, i.e., the ratio of the power ﬂux density along a ray divided by the local value of the
wave number, remains constant in X on any horizontal ray. Comparison of equations (17) and (24) shows
that the ratio of power ﬂuxes carried in opposite directions along an eigenray connecting two observation
points is equal to the ratio of the amplitude factors ~Q1 and ~Q2 in the noise cross-correlation function and
can be readily measured by the noise interferometry technique. Note that, although only a fraction of the
waves comprising the diffuse waveﬁeld is correlated, the ratio of the amplitude factors ~Q1 and ~Q2 character-
izes the net power ﬂuxes in the entire diffuse ﬁeld in opposite directions along the eigenray. A similar result
was reported recently for waves in a homogeneous medium [Wapenaar and Thorbecke, 2013].
2.3. Compressed Cross-Correlation Function
In this section, we use results of section 2.2 to develop a technique for robust retrieval of the amplitude and
directivity information from measured cross-correlation functions of diffuse ﬁelds of dispersive waves.
For stationary random wave sources, the cross-correlation function in the time domain, C R1;R2; sð Þ5hp
R1; tð Þp R2; t2sð Þi; is related to the cross spectrum C R1;R2;xð Þ we considered in section 2.2 by the
equation
C R1;R2; sð Þ52Re
ð1
0
C R1;R2;xð Þexp 2ixsð Þdx; (25)
which follows from equation (13). For nondispersive waves, such as underwater sound, the cross-correlation
function of broadband diffuse noise has well deﬁned, robust peaks, which allow one to passively measure
deterministic travel times with high accuracy and characterize the environment [Roux et al., 2004; Godin
et al., 2010; Lani et al., 2013]. When the correlation function is estimated using time series of ﬁnite duration,
there occur random deviations of the ﬁnite-time estimates of the correlation function from its true value.
With the travel times of various frequency components being the same, random deviations of the estimates
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of C R1;R2; sð Þ in various frequency
subbands tend to cancel each other,
leading to a rapid decrease in the
necessary averaging time with
increasing frequency band [Weaver
and Lobkis, 2005; Sabra et al., 2005;
Gouedard et al., 2008; Zabotin and
Godin, 2011]. This cannot be expected
for strongly dispersive waves, such as
IGWs, because deterministic travel
times vary with frequency. As illus-
trated in Figure 2, the cross-
correlation function of IGWs measured
at two distant locations contains
numerous peaks and troughs in the
time domain, which are not well
suited for retrieval of environmental
information and are liable to be dis-
torted by instrument noise, errors due
to ﬁnite averaging time, etc. The sim-
ulations presented in Figure 2 are
based on equations (17) and (25)
assuming constant ocean depth
H5 1600 m, slight anisotropy of the IGW ﬁeld: ~Q2=~Q159=11; and an IGW power spectrum that is ﬂat
between 0.5 and 30 mHz.
To overcome the difﬁculties associated with the wave dispersion, we introduce a new object
C cð Þ12 Lð Þ52Re
ð1
0
H12 xð Þexp i U r1; r2;xð Þ2pc4
h i L
L0
 
dx (26)
to be referred to as compressed cross-correlation function (C3F). Here H12 xð Þ5hp R1;xð Þp R2;xð Þ=jp R1;xð Þ
p R2;xð Þji is the coherence function of the observations made at points R1 and R2; U r1; r2;xð Þ is the eiko-
nal increment on an eigenray connecting the observation points; L is a new independent variable with
dimensionality of length; and L0 is a normalization constant, which we choose to be equal to the horizontal
separation jr22r1j of the points R1 and R2. The constant c in equation (26) is chosen depending on the type
of the eigenray considered and reﬂects the relation between the eikonal U and the phase of the corre-
sponding ray contribution to the deterministic Green’s function. For surface waves, c5 1 for eigenrays that
do not touch any, or have an even number of contacts with, caustics between points r1 and r2, see equa-
tions (11) and (17); c5 3 for eigenrays that have an odd number of contacts with caustics. For body waves,
c5 0 (c5 2) for the eigenrays with an even (odd) number of contacts with their caustics.
We use the coherence function H12 rather than the cross spectrum C R1;R2;xð Þ in the deﬁnition (26) of C3F
to suppress the effects of a rapid variation of the IGW power spectrum with frequency. The coherence func-
tion can be viewed as the cross spectrum of two random ﬁelds, the power spectra of which are prewhit-
ened in each realization. When statistical (ensemble) averages are estimated as averages over a large
number of time windows of ﬁnite duration, the implied prewhitening should be performed in each window.
This procedure can be viewed as a frequency-domain counterpart of the ‘‘one-bit correlation’’ in the time
domain [Larose et al., 2006], which is extensively utilized in noise interferometry.
It follows from equation (18) that, when there is only one eigenray connecting the observation points, the
compressed cross-correlation function (26) ‘‘compresses’’ all the peaks that the correlation function
C R1;R2; sð Þ of IGWs has at various positive (negative) s to a single peak at negative (positive) L (Figure 2).
The peaks of C3F are located at 6L0: For nondispersive waves and white noise, the cross-correlation func-
tion (25) and C3F (26) are essentially identical in the absence of caustics: C cð Þ12 Lð Þ5E21C
R1;R2;2LL210 @U=@x
	 

: Here @U=@x and E5 hð jp2 R1;xð Þjihjp2 R2;xð ÞjiÞ1=2 are independent of frequency.
Figure 2. Simulation results (red plots) and results of data processing (blue plots)
for stations 24–25 separated by 112.4 km distance. Cross-correlation functions are
shown in the left column; compressed cross-correlation functions, or C3Fs, are
shown in the right column. Peaks in C3Fs are located at distances 6112.4 km,
which coincide with the station separation distance.
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In the particular case of a horizontally homogeneous ocean, U r1; r2;xð Þ5k xð ÞL0; the coherence function of dif-
fuse noise H1;2 xð Þ5h1 xð Þexp ik xð ÞL02ip=4½ 1h2 xð Þexp 2ik xð ÞL01ip=4½ ; and the deﬁnition (26) of C3F gives
C cð Þ12 Lð Þ52Re
ð1
0
h1e
2ik xð Þ L2L0ð Þ1h2e2ik xð Þ L1L0ð Þ
n o
dx
5
ð1
21
h1e
2ik L2L0ð Þ1h2e2ik L1L0ð Þ
h i
cgdk;
(27)
where cg is the group speed. The amplitude factors h1, 2(x) in equation (27) can be viewed as slowly varying
functions of frequency as long as L0 is sufﬁciently large. Recalling the identity d xð Þ5 2pð Þ21
ð1
21
eikxdk; it is
clear that the compressed cross-correlation function (27) approximates a linear combination of delta functions
d(L – L0) and d(L1 L0). The actual width of peaks around L5 L0 and L5 –L0 is determined by the frequency
band, in which the coherence function is measured, and the rate of variation of h1, 2 and k with frequency.
If the waveﬁeld is due to a point source located at a point R35 (r3, z3), the coherence function is proportional
to exp ik xð ÞL3½ ; where L35jr12r3j2jr22r3j: Then, instead of two peaks at L56L0, the compressed cross-
correlation function will have a single peak at L	 L3 provided kL0 >> 1. Note that |L3| L0; |L3|5 L0 only when
r3 belongs to the line through r1 and r2. Hence, by calculating C3F for two or more pairs of receivers, one can
distinguish between diffuse waveﬁelds and ﬁelds due to a compact source. This conclusion holds also for a
horizontally inhomogeneous ocean since the eikonals for eigenrays that connect points r1, r2, and r3 satisfy an
inequality similar to the geometric inequality |L3| L0 utilized in the above reasoning. Indeed, jU r1; r3;xð Þ2
U r2; r3;xð Þj  U r1; r2;xð Þ according to Fermat’s principle, and jU r1; r3;xð Þ2U r2; r3;xð Þj5U r1; r2;xð Þ only
when r3 belongs to the ray passing through r1 and r2 [Brekhovskikh and Godin, 1999].
The compressed cross-correlation function deﬁned by equation (26) is an integral characteristic of the wave
cross correlation over the entire frequency band. When the frequency band of observations is sufﬁciently
broad and/or waveﬁeld properties change considerably across the band, it is desirable to preserve some fre-
quency resolution. To this end, we introduce a set of functions, where the cross-correlation function is ‘‘com-
pressed’’ in ﬁnite subbands rather than in the entire frequency band of observations. These functions will
be referred to as partial compressed cross-correlation functions (PC3Fs) and are deﬁned as follows:
C pð Þ12 L;x0;Dxð Þ52Re
ðx01Dx
x02Dx
H12 xð Þexp i U r1; r2;xð Þ2pc4
h i L
L0
 
dx: (28)
This deﬁnition differs from the C3F deﬁnition (26) only by limits of integration. When the frequency band of
observations is split into a ﬁnite number of nonoverlapping subbands, C3F equals the sum of corresponding
PC3Fs. Being calculated over narrower frequency bands, PC3Fs may be less robust than C3F and require lon-
ger averaging time but, as will be demonstrated in sections 3 and 4, these provide additional insight into
properties of the IGW ﬁeld and the sensors used to collect the data.
In particular, it follows from equation (28) that, for sufﬁciently small Dx, the ratio of heights of PC3F peaks
at L56L0 is equal to the ratio of the coefﬁcients ~Q1 and ~Q2 in equation (17) for the cross-correlation func-
tion. The latter ratio, as shown in section 2.2, equals the ratio of the power ﬂuxes carried by IGWs in oppo-
site directions along the eigenray connecting points r1 and r2. Thus, calculation of PC3Fs for a number of
sensor pairings allows one to characterize the directivity of the IGW ﬁeld. Unlike traditional plane-wave
beamforming techniques [Van Trees, 2004; Webb et al., 1991], such an approach does not impose any limita-
tions on wave speed (hence, bathymetry) variations in the region where the sensor array is located.
3. Observations and Data Processing
3.1. MOANA Experiment
The Marine Observations of Anisotropy Near Aotearoa (MOANA) Seismic Experiment is an ocean-bottom
seismic experiment that was designed for studies of tectonic plate boundary processes through mantle
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seismic imaging. The experiment was carried out from January 2009 to February 2010 offshore the South
Island of New Zealand [Yang et al., 2012; Godin et al., 2013]. A total of 30 stations was deployed east and
west of the South Island at approximately 100 km spacing and at water depths from 550 to 4680 m (Figure
1). In addition to a broadband ocean bottom seismometer (OBS), each station was equipped with a Cox-
Webb deep water differential pressure gauge (DPG). DPGs measure variations of pressure on the seaﬂoor
with frequencies above 1 mHz [Cox et al., 1984; Webb et al., 1991]. Data were recorded continuously at 50
samples per second and stored in daylong data segments.
In this study, we focus on the DPG data. Yearlong pressure records were successfully retrieved from 28 sta-
tions. The sensors were equipped with synchronized clocks. Median clock drift was 2.4 ms/day. Among the
28 stations, maximum and minimum clock drifts were 211.8 ms/day and20.2 ms/day, resulting in clock
drifts of24.26 s and20.06 s, respectively, over the 1 year deployment. The clock drift was corrected for in
the data, resulting in clock accuracy that was more than sufﬁcient for yearlong studies of the wave activities
with periods exceeding 30 s. Pressure sensors were not individually calibrated and were instead character-
ized by a nominal (average) transfer function. The variations in the laboratory-measured sensitivities and
corner frequencies of 10 DPGs, of identical design to those used in the MOANA array, were found to be
10% and 25%, respectively [Godin et al., 2013]. As discussed in section 3.2 below, our data processing
approach is insensitive to amplitude distortions. Moreover, the compressed cross-correlation function tech-
nique allows us to identify and remove the systematic phase differences between the sensors, which stem
from deviations of the actual transfer functions from the nominal one.
3.2. Processing
Tidal signals are dominant in seaﬂoor pressure variations, and preventing spectral aliasing of the tidal
energy is crucial. Noise interferometry relies on accurate measurements of the relatively small coherence
between measurements by spatially separated sensors. The requirements to aliasing suppression are partic-
ularly stringent in noise interferometry, since, being a time-periodic process with a rather large spatial scale,
the tides contribute disproportionately strongly into the coherence (Figure 3). To avoid the aliasing, we
have used segments with a length equal to the period TM2 	 12.42 h of the dominant tidal component,
lunar tide M2. The segment’s lengths expressed in counts was equal to 2,235,600. The Hann window
[Dahlen, 1982] was applied to the data segments to suppress any inﬂuence of the other tidal components.
Figure 3. Real (green line) and imaginary (purple line) parts of the coherence function for stations 24 and 25 (a) before and (b) after detid-
ing. Averaging is performed over the entire yearlong observation period.
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As conﬁrmed by computer simulations, the combination of these two simple steps reduced the contribu-
tions of parasitic harmonics of the tides by 15 orders of magnitude in the IGW frequency band, thus mak-
ing more sophisticated, model-based detiding procedures unnecessary for our purposes. In addition to
possible aliasing of tidal energy into IGW frequency band, there exists a real process of IGW energy modula-
tion by tides [Henderson et al., 2006; Thomson et al., 2006; Guedes et al., 2013] due to tidal changes in the lit-
toral zone where the IGWs are generated. It should be emphasized that our simple detiding procedure
suppresses aliasing of the tidal energy without affecting tidally modulated IGW energy as long as the sen-
sors (in our case, DPGs) and the deep water IGW ﬁeld remain linear.
Each daylong recording produced three overlapping data segments, each of TM2 duration. The segments
were chosen at the beginning, middle, and end of the recording, respectively. To separate the background
(ambient) IGWs from waves generated by earthquakes, tsunamis, and explosive degassing of the sediments,
the data segments were automatically screened for the presence of strong, transient events. The increased
average amplitude of the spectrum within the ‘‘noise notch’’ [Webb et al., 1991; Webb and Crawford, 2010]
that is normally present in the power spectral densities of the seaﬂoor pressure variations between the
infragravity wave band and the microseism band was used as the screening criterion [Godin et al., 2013].
Five percent of the recordings for every station with the highest level of spectral harmonics at the fre-
quency interval 50–60 mHz were excluded from our analysis.
The coherence function H12 xð Þ is calculated as an average over a large number of data segments, typically,
over the entire yearlong observation period. A typical example of the coherence function is shown in Figure
3. Note signiﬁcant distortion of the actual coherence function (Figure 3b) by tidal energy aliasing (Figure
3a). The sensors were split in two groups; 1–21 to the west and 22–30 to the east of the South Island (Figure
1). Coherence functions were calculated for all possible pairings of sensors within each group. For all the
sensor pairs, the data show elevated coherence levels in three frequency bands, which are associated with
IGWs (below 30 mHz), microseisms (around 0.05–0.9 Hz), and acoustic waves (above 3 Hz) (Figure 3b).
In this paper, we focus on infragravity waves and choose the spectral interval fmin f fmax with fmin5 0.5
mHz and fmax5 30 mHz. All frequency content of the coherence function outside this band was ﬁltered out.
The shape of the ﬁltering window provided smooth tapering at its boundaries. The choice of the lower-
frequency bound, fmin, is due to the intrinsic limitations of the sensors; DPGs are not expected to provide
reliable in situ pressure measurements at frequencies below 0.5 mHz [Cox et al., 1984].
When evaluating the two-point cross-correlation function of measured seaﬂoor pressure ﬂuctuations, we
applied the power spectrum prewhitening procedure, which is described in section 2.3. Then, the cross-
correlation function is given by a Fourier transform of the coherence function.
Calculation of the compressed cross-correlation function (C3F) (26) and the partial compressed cross-
correlation function (PC3F) (28) from the coherence function requires knowledge of sensor horizontal sepa-
ration L0, which we calculate as the distance along the great circle path, and the eikonal U (11). While the
exact value of the eikonal is given by an integral over the frequency-dependent eigenray connecting the
locations r1 and r2 of the sensors, integration of the wave number k(r, x) over the great circle path between
r1 and r2 gives the eikonal with accuracy up to terms of the second order in the cross-range gradients of
environmental parameters [Godin, 2002]. Other than the applicability of the ray theory itself, in this approxi-
mation there are no restrictions on the rate of the environmental parameter variation in the r12 r2
direction.
In C3F and PC3F calculations, we used the IGW dispersion relation (4), where the only environmental param-
eter is the ocean depth H(r). The bathymetry for our calculations was taken from the ETOPO1, a 1 arc-
minute global relief model of the Earth’s surface [Amante and Eakins, 2009]. By evaluating explicit expres-
sions [Godin, 2002] for the second-order eikonal corrections in the cross-range bathymetry gradients rH2
rH  r12r2ð Þjr12r2j21; and by comparing the great-circle-path integral to ‘‘exact’’ calculations involving
numerical ray tracing, the ﬁrst-order approximation was found to be sufﬁciently accurate. Technically, the
U r1; r2;xð Þ values were precalculated for every pair of stations and for every frequency appearing in the
discrete spectra of the pressure variations.
For PC3F calculations, we divided the frequency band fmin f fmax into 32 intervals of equal width. Then,
PC3F is a function of two arguments: L and the central frequency x0 of every interval. A typical example of
PC3F is presented in Figure 4. The positions of various elements of PC3F (28) with relation to the expected
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position of the main peak at L5 L0 or L5 –L0, DL, can be expressed in radians (DU) through the relation
U r1; r2;x0ð Þ2 pc4
 
L
L0
5DU: For narrow-band compression, PC3F has additional peaks (sidelobes), which
align along the hyperbola-like curves deﬁned by the equation DU52pN;N561;62; . . . (Figure 4).
The asymmetry in the shifts of the main peaks with relation to their expected symmetric positions L56L0
is of particular signiﬁcance. Three mechanisms can contribute to the asymmetry. First, the peaks are asym-
metrical in the case of nonreciprocal wave propagation, where the eikonals are different for waves propa-
gating in opposite directions between points r1 and r2. IGW nonreciprocity can be caused by Earth rotation
and oceanic currents. Nonreciprocity due to Earth’s rotation is negligible for free IGWs in the frequency
range we consider [Gill, 1982]. For current-induced nonreciprocity, |DU|  ku|DU|/x, where u is the depth-
averaged and range-averaged current speed and is much smaller than unity in the MOANA experiment.
Second, the asymmetry of the peaks can result from the waveﬁeld being anisotropic, i.e., having a nonuni-
form angular spectrum. However, the corresponding DU value is small compared to unity as long as kL0
>> 1 [Godin, 2009c; Froment et al., 2010]. Third, if transfer functions of two pressure sensors have different
phases, then the measured coherence function differs from the coherence function of the seaﬂoor pressure
by the factor exp[ia(x)], where a(x) is the difference of phases of the transfer functions of sensors 1 and 2.
The PC3Fs of the experimental data were found to have relatively small but signiﬁcant, frequency-
dependent asymmetry of the main peaks. We attribute the asymmetry to individual DPGs having distinct
transfer functions and use the peaks locations to measure the phase shift between the sensors, which is
subsequently used to correct the phase of the coherence function. The required phase correction of the
coherence function is calculated as a function of the central frequency xi of every frequency interval from
the positions LL(xi) and LR(xi) of the PC3F main left and right peaks using the following equation:
a xið Þ5 U r1; r2;xið Þ2 pc4
h i LL xið Þ1LR xið Þ
2L0
: (29)
The correction is applied by introducing the calibration factor exp[–ia(x)] in the integrands of equations
(26) and (28). Spline interpolation helps to ﬁll in all the values of the function a(x). Then, the second itera-
tion is performed and new C3F and PC3F functions are obtained. The calibration procedure does not
change signiﬁcantly the amplitudes of the main peaks of these functions, but does correct their positions.
Usually, one iteration is sufﬁcient, but if necessary the number of iterations may be increased.
The phase correction has a pronounced effect on the ﬁne structure of the coherence function, as illustrated
by Figure 5. The seaﬂoor pressure coherence functions obtained after the sensor calibration procedure
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Figure 4. Partial compressed cross-correlation function (PC3F) for stations 23–30 averaged over approximately a year of pressure variation
records. PC3F is deﬁned by equation (28) and is shown by color as a function of frequency and the distance L, which is the counterpart of
the time lag in the conventional cross-correlation function. PC3F is arbitrarily normalized. Black vertical straight lines show expected posi-
tions of the main peaks corresponding to the distance between the two stations. The asterisks mark actual positions of the main peaks.
Shifts in positions may be expressed in phase units, and the black curves mark positions corresponding to the phase shifts equal to an
integer number (from 1 to 4) of 2p. Positions of the secondary PC3F peaks are close to these lines.
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become consistent with the
results of the asymptotic
theory (see equations (14)
and (17)), which predicts a p/
2 phase shift between the
real and imaginary parts of
the coherence function of
diffuse IGW ﬁelds.
4. Experimental
Results
Calculation of coherence and
cross-correlation functions of
seaﬂoor pressure ﬂuctuations
measured by different
MOANA sensors demon-
strated signiﬁcant levels of coherence in agreement with the theory of diffuse noise ﬁelds (section 2.2), pro-
vided both sensors were located either to the east or to the west of the South Island. The island is a barrier
to IGW propagation, and no coherence in the IGW frequency band was found between measurements
made by sensors in the east and the west groups. Figure 6 shows several examples of the cross-correlation
function. The largest peaks at the positive and the negative time lags are due to the low-frequency end of
the frequency band, where IGWs become essentially nondispersive. The positions of these peaks corre-
spond to IGW propagation with group velocity cg5 gH rð Þ½ 1=2: The other peaks, which form a shape with a
triangular envelope at longer positive and negative time lags, are, on the contrary, entirely due to the
strong dispersion of the higher-frequency components of the spectrum. Similar shapes can be seen in IGW
cross-correlations measured in the Indian Ocean off Sumatra [Harmon et al., 2012]. The decrease in the peak
amplitude with increasing absolute value of the lag is solely due to IGW dispersion and is not related to the
IGW power spectrum.
The shape of the cross-correlation functions makes it difﬁcult to accurately retrieve quantitative information
about IGWs. Spreading of the IGW energy across a wide range of time lags decreases signal-to-noise ratio
and, therefore, rather long averaging times are required for deterministic features to emerge from the ran-
dom background. The compressed cross-correlation function approach (section 2.3) allows for the energy
that is otherwise distributed in time to sum up constructively (Figure 2). Instead of broad triangular shapes,
the deterministic features in the C3Fs of seaﬂoor pressure ﬂuctuations are represented by narrow peaks
around6L0, where L0 is the horizontal separation of the sensors (Figure 2). As illustrated by Figure 2, experi-
mentally obtained C3Fs are rather close to theoretically predicted ones. The C3F shape is well suited for
measurements of the peaks’ positions, which contain kinematic information regarding the IGW propagation,
and their heights, which are proportional to the IGW power ﬂux along the ray connecting the sensors, see
section 2.2.
The data accumulation time necessary to reveal peaks of C3F is relatively short; for most pairings of the
MOANA stations, a few days were usually sufﬁcient. Using the C3F technique, we were able to quantify cross
correlations of the seaﬂoor pressure for all available sensor pairings (Figure 7a), including the maximum
range of 692 km (Figure 7b). To our knowledge, this is by far the longest distance at which correlation of dif-
fuse waveﬁelds in the ocean has been observed with pressure sensors.
As expected (section 2.2), the height of the C3F peaks lessens with increasing sensor separation, decreasing
the contrast between the deterministic features and noise. Eikonal calculation errors, which are caused by
uncertainty in bathymetry and are also due to application of the ﬁrst-order approximation described in sec-
tion 3.2, accumulate with range. In addition to the smaller signal-to-noise ratio, these errors may contribute
to decrease in the contrast. Still, the main peaks of the C3F occur at the predicted positions L56L0 even at
the largest sensor separation (Figure 7b). Note three additional C3F peaks at L> L0 with a shape similar to
the main peak at L5 L0 (Figure 7b). These satellite peaks are likely to represent IGW multipaths, i.e., exis-
tence of several frequency-dependent paths (eigenrays) connecting the sensors. This is consistent with
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Figure 5. Real and imaginary parts of the coherence function for stations 22–23 before and
after the ﬁrst round of the transfer function calibration procedure. Real and imaginary parts of
the coherence function are shown, respectively, by lines 1 and 2 before and by lines 3 and 4
after the calibration.
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Figure 6. Examples of conventional cross-correlation function of pressure variations from the year-averaged data of MOANA experiment:
stations (a) 23–30, (b) 24–25, (c) 25–30, and (d) 26–27.
−300
−200
−100
0
100
200
300
−20
0
25
50
Distance, km
−1000 −500 0 500 1000
−10
0
10
Distance, km
b
a
Figure 7. Compressed cross-correlation functions, or C3Fs, of seaﬂoor pressure ﬂuctuations in the IGW frequency band. (a) A sequence of
C3Fs obtained from the data of the MOANA experiment, ordered by the distance between the stations (black lines) plotted against 6L0
(red lines). (b) C3F obtained at the largest horizontal separation of L05 692 km between MOANA stations 1 and 21. Red dots show points
6L0. All C3Fs have common but otherwise arbitrary normalization.
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accurate ray calculations
(as opposed to simpliﬁed
calculations described in
section 3.2) for stations 1
and 21.
Except for the longest
ranges, the positions of
the C3F peaks coincide
with the expected value
L56L0 with accuracy
O(1) km, often within a
fraction of the water
depths at the sensor loca-
tions. This is close to the
diffraction limit of accu-
racy, since the water
depth sets the scale for
the shortest IGWs that
contribute appreciably to
the seaﬂoor pressure ﬂuc-
tuations (see equation (3)).
It should be emphasized
that neither such an accu-
racy of the peak positions
nor quality of the cross-
correlation function com-
pression (as quantiﬁed by the peaks’ heights) can be achieved without accounting for the actual bathyme-
try variation between the sensors. The appearance of the main C3F peaks at L56L0 (Figure 7a) proves that
the free surface gravity waves—as opposed to coastally trapped waves such as Kelvin waves [LeBlond and
Mysak, 1978; Gill, 1982]—are responsible for the observed pressure ﬂuctuations, and the dispersion equa-
tion of these free waves is closely approximated by the dispersion equation (4) implied in the compression
algorithm (26). This is consistent with earlier studies at other deep water sites [Webb, 1986, 1998; Webb
et al., 1991]. Moreover, the absence at L< | L0| of C3F peaks with heights comparable to the main peaks for
sensor pairs with various azimuthal orientation, proves that the IGW ﬁeld is diffuse and there are no com-
pact IGW sources appreciably contributing to the observed ambient IGW ﬁeld.
These ﬁndings, which have been derived from C3Fs of the data, can be further conﬁrmed using PC3Fs (Fig-
ure 4). Analysis of the positions of the PC3F peaks for various sensor pairs conﬁrms the validity of the above
conclusions, that free IGWs are responsible for the observed seaﬂoor pressure ﬂuctuations and that the IGW
ﬁeld is diffuse, in each subband in the frequency band fmin f fmax.
We have established analytically (sections 2.2 and 2.3) and veriﬁed by numerical simulation that the direc-
tivity (angular spectrum) of IGWs in the horizontal plane can be obtained from measurements of the heights
of the peaks of PC3Fs at L56L0. We use the groups of sensors to the east and west of the South Island as
arrays to measure anisotropy of IGW ﬁelds in the respective basins. The theory of sections 2.2 and 2.3
applies to cross correlations calculated within each group of sensors because IGWs experience neither con-
siderable scattering (as opposed to refraction) nor attenuation [Van Dorn, 1984, 1987; Geist et al., 2009; Rabi-
novich et al., 2013], when propagating between sensors in the same group. We divide a complete circle
around the nominal geometrical center of each group into 12 sectors 30
 wide each. Following equation
(24), we calculate the ratios of the amplitudes of the two main peaks of the PC3F (multiplied by the respec-
tive wave numbers) for every pair of the stations and for each of 32 central frequencies and attribute it to
the absolute azimuth of the line connecting the two stations. The reciprocal value, i.e., the multiplicative
inverse quantity, is attributed to the opposite direction, i.e., the original azimuth plus 180
. Then, we aver-
age all the values that get into each of the 12 3 32 small trapezoids and represent the result using a color
scale in a near-circular diagram (see Figure 8). What is obtained is a set of 32 rings, each resembling the
Figure 8. Time-averaged anisotropy versus frequency diagrams of the IGW ﬁeld to the east and to
the west of the South Island of New Zealand. Frequency varies with the radius between 0.5 mHz
at the center of the circle to 30 mHz at the outer part of the circle in 32 steps. The color shows
common logarithm of anisotropy in each of the 768 frequency and azimuthal direction bins, which
are represented by individual trapezoids in the ﬁgure. The anisotropy is deﬁned as the ratio of net
IGW power ﬂuxes in the given azimuthal direction and in the opposite direction.
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wind rose; only the relative intensity of the IGW ﬁeld is shown by color, not by radius length. The closer the
color to red, the more energy propagates in this direction at this particular frequency. Blue colors represent
energy propagating away from a given direction, and green represents isotropic propagation. Our measure-
ments of IGW anisotropy are much more detailed than previously published results [Webb et al., 1991; Har-
mon et al., 2012] for other deep water sites.
The anisotropy versus frequency diagrams (Figure 8) obtained for basins to the east and to the west of the
New Zealand’s South Island have some common properties. They both tell us that the lowest-frequency
components of the IGW spectrum (plotted toward the center of the circle) are largely isotropic (green col-
ors). The anisotropy has its maximum in the middle of the IGW spectral band (strongest reds and blues) and
falls back to insigniﬁcant levels (greens and yellows) at the high-frequency end of the spectrum.
Complex nonlinear processes of wave interaction with tides and bathymetry take place near coastline, lead-
ing to both generation of IGWs by higher-frequency wind waves and swell and to partial absorption of the
incoming IGW energy [Henderson et al., 2006; Thomson et al., 2006; Guedes et al., 2013]. Both anisotropy dia-
grams in Figure 8 have their highest peaks for the waves coming from the New Zealand coasts, which is
consistent with the common notion of the coastal origin of IGWs [Foda and Mei, 1981; Symonds et al., 1982;
Herbers et al., 1995]. However, there is a notable difference between the general orientations of the two dia-
grams: the eastern one displays a signiﬁcant contribution from the waves propagating along the coastline
in the general southwest direction and probably coming from powerful sources in the northeastern Paciﬁc
[Aucan and Ardhuin, 2013], to which this group of stations is exposed, while the western group of sensors is
largely shielded from the northeastern Paciﬁc sources by New Zealand’s North Island. Red colors in the
western sectors of the eastern anisotropy diagram indicate that parts of the southeast coast of the South
Island prove to be net sinks of the IGW energy.
In the western group of stations, the anisotropy maximum corresponds largely to IGWs coming from the
vicinity of New Zealand’s stormy Cape Egmont (Figure 1). Location of the blue colors in the western anisot-
ropy diagram clearly shows that there is a rather strong anisotropy between IGWs propagating to and from
the South island in the Tasman Sea. IGW power ﬂux from the coast can exceed the power ﬂux toward the
coast by a factor of 10 or more (Figure 8). Thus, the northwest coast of the South Island is a net source of
the IGW energy.
5. Discussion
We have demonstrated that the two-point cross-correlation function of IGWs can be measured at distances
as large as 700 km in the ocean. Since the cross-correlation function approximates the deterministic Green’s
function, such measurements of the background IGWs provide what can be called ‘‘tsunamis on demand’’
and can be used to experimentally verify numerical models of tsunami propagation. With the wave interfer-
ometry approach, tsunami surrogates can be obtained from observations of background IGWs for any pair
of points of interest and without requiring that IGWs are generated in a localized region. Because of their
larger wavelength, it is likely that correlation measurements of very low frequency IGWs, which are of pri-
mary interest to tsunami research and modeling, will be successful at ranges up to thousands of kilometers.
However, absolute pressure sensors may be required to go beyond the low-frequency limitations of DPGs.
Our compressed cross-correlation function, or C3F, technique is fundamentally based on the theoretical
result that the two-point cross-correlation function of a directional, diffuse waveﬁeld in an inhomogeneous
medium is kinematically equivalent to the sum of deterministic Green’s functions that describe wave propa-
gation in opposite directions between the two points [Godin, 2006, 2010], see equations (17) and (18). The
equivalence suggests application to the cross-correlation function of the signal processing methods origi-
nally developed for deterministic waveﬁelds. In particular, the C3F technique bears similarity to well-known
wavefront reversal and back propagation [Tappert et al., 1985; Fink, 1996; Anderson et al., 2013] and mode
separation [Xu et al., 2012] methods normally applied to deterministic waveﬁelds.
By calculating the eikonal U in equation (26) using the dispersion equations of various known wave types,
the C3F technique can be used to identify the contributions of respective waves into the observed pressure
ﬂuctuations. We have considered several conceivable contributors, such as various coastally trapped ocean
waves [LeBlond and Mysak, 1978; Gill, 1982] and atmospheric Lamb waves over the ocean surface [Godin
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and Fuks, 2012]. However, no evidence was found of measurable contributions of any waves other than free
IGWs into the observed seaﬂoor pressure ﬂuctuations in the frequency band of our study.
Useful applications of the C3F technique to IGW research are not limited to those demonstrated in this
work. Below, we brieﬂy outline two additional, promising ways to extract valuable information about IGWs
and their propagation environment from seaﬂoor pressure data, which will be the subject of our future
work.
IGW amplitude on the seaﬂoor exponentially decreases with increasing kH and, at relatively high frequen-
cies or large water depths H, becomes small compared to pressure ﬂuctuations due to ocean currents and
other processes. This is often referred to as hydrodynamic ﬁltering [Webb et al., 1991]. Hydrodynamic ﬁlter-
ing restricts the frequency band, where IGW power spectra can be retrieved from single-point measure-
ments using sensors on the seaﬂoor [e.g., Webb, 1988; Dolenc et al., 2005, 2008; Sugioka et al., 2010; Yang
et al., 2012; Godin et al., 2013], and limits the vertical resolution of the ocean bottom inversions based on
the seaﬂoor compliance measurements [Crawford, 2004; Crawford and Singh, 2008; Crawford et al., 1991,
1998; Trevorrow and Yamamoto, 1991; Wang et al., 2010; Willoughby and Edwards, 2000; Willoughby et al.,
2008]. In PC3Fs, we are able to trace IGW contributions to considerably higher frequencies than in respec-
tive single-point measurements. This is not surprising since the contributions of the ﬂow and instrument
noise into the cross correlation of measurements by spatially separated sensors are much smaller than into
the pressure variance at each point. Application of the compression (26) to the cross spectrum, rather than
the coherence function, of the seaﬂoor pressure measurements is expected to provide a way to characterize
the IGW-induced pressure ﬂuctuations in a wider frequency band than is possible with single-point meas-
urements. Similarly, application of the compression (26) to the cross spectrum of the vertical displacements
measured by spatially separated ocean bottom seismometers is expected to improve characterization of
the IGW-induced deformations of the seaﬂoor.
The quality of the cross-correlation function compression and positions of the C3F main peaks depend on
the accuracy of modeling the eikonal U in equation (26). Much like the positions of nulls of the cross-
correlation function of nondispersive acoustic noise serve as input information for retrieval of the sound-
speed proﬁle in passive ocean acoustic tomography [Godin et al., 2010], frequency-dependent deviations of
the main peaks of PC3Fs of IGWs can be used, in principle, to measure physical parameters of the ocean,
such as seaﬂoor compliance, and constrain deviations of the bathymetry from available maps. Preliminary
estimates indicate that, under conditions of the MOANA experiment, seaﬂoor compliance has a measurable
effect on IGWs, which, however, needs to be separated from comparable effects due to uncertainties in
bathymetry. Further research is necessary to assess the feasibility of tomographic measurements of seaﬂoor
compliance based on IGW interferometry.
6. Conclusions
Long-term, multistatic observations of seaﬂoor pressure provide a wealth of quantitative information about
infragravity waves and help ﬁll the gaps in the available knowledge of IGW properties away from shore.
Using DPG measurements of seaﬂoor pressure off New Zealand, we have demonstrated that ambient IGWs
retain signiﬁcant, measurable coherence at ranges of 700 km. This observation suggests application of noise
interferometry techniques [Rickett and Claerbout, 1999; Shapiro et al., 2005; Wapenaar et al., 2008; Godin
et al., 2010] to remote sensing of IGWs on basin scales.
We have found that, in the Tasman Sea and in the southwestern Paciﬁc off the South Island of New Zealand,
free surface gravity waves, as opposed to coastally trapped waves [LeBlond and Mysak, 1978; Gill, 1982],
dominate in the ambient IGW ﬁeld. The ﬁeld is diffuse in the sense that IGWs come from all horizontal direc-
tions, albeit with time-averaged power ﬂux being strongly azimuthally anisotropic. In contrast to transient
events such as due to earthquakes or volcanic eruptions, no evidence was found for compact wave sources
contributing signiﬁcantly into the background (ambient) IGW ﬁeld. These conclusions are restricted to water
depths over 550 m by the placement of seaﬂoor pressure sensors used in this study.
We have measured IGW anisotropy with high angular and frequency resolution. This was made possible by
a new interferometric approach, dubbed the compressed cross-correlation function technique, which com-
pensates for wave packets’ spreading due to wave dispersion and rigorously relates the magnitude of
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maxima in the wave cross correlations to the anisotropy of the power ﬂux carried by the waves. Unlike tradi-
tional plane-wave beamforming approaches, the new technique is not restricted to basins with negligible
bathymetry variations. While IGW power spectra are essentially the same to the east and to the west of the
South Island [Yang et al., 2012; Godin et al., 2013], IGW directivity proves to be rather different in the respec-
tive basins. Speciﬁc IGW generation sites responsible for the observed anisotropy peaks have been sug-
gested. Our anisotropy measurements provide input information for future investigations of deep water
IGW generation on and scattering from the continental shelf.
In addition to measurements of the IGW directivity, the compressed cross-correlation function technique
proposed in this paper offers a number of additional avenues for investigation of IGWs in the ocean as well
as for studies of diffuse, random ﬁelds of other dispersive waves and their respective propagation media.
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